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Quantum hypothesis testing has been greatly advanced for the binary discrimination of two states,
or two channels. In this setting, we already know that quantum entanglement can be used to enhance
the discrimination of two bosonic channels. Here, we remove the restriction of binary hypotheses and
show that entangled photons can remarkably boost the discrimination of multiple bosonic channels.
More precisely, we formulate a general problem of channel-position finding where the goal is to
determine the position of a target channel among many background channels. We prove that,
using entangled photons at the input and a generalized form of conditional nulling receiver at the
output, we may outperform any classical strategy. Our results can be applied to enhance a range of
technological tasks, including the optical readout of sparse classical data, the spectroscopic analysis
of a frequency spectrum, and the determination of the direction of a target at fixed range.
I. INTRODUCTION
Quantum sensing [1] exploits quantum resources and
measurements to improve the performance of parameter
estimation and hypothesis testing, with respect to the
best possible classical strategies. One of the fundamen-
tal settings of quantum hypothesis testing [2–5] is quan-
tum channel discrimination [6–10], where the aim is to
discriminate between different physical processes, mod-
eled as quantum channels, arbitrarily chosen from some
known ensemble. Finding the best strategy for quantum
channel discrimination is a non-trivial double optimiza-
tion problem which involves the optimization of both in-
put states and output measurements. Furthermore, the
optimization is generally performed assuming a certain
number of probings and it becomes an energy-constrained
problem in the discrimination of bosonic channels, where
the available input states have a finite mean number of
photons [11].
For the discrimination of bosonic channels, the so-
called ‘classical strategies’ are based on preparing the
input signal modes in (mixtures of) coherent states and
then measuring the channel outputs by means of suit-
able receivers, e.g., a homodyne detector. By fixing the
input energy to a suitably low number of mean photons
per probing, the classical strategies are often beaten by
truly-quantum sources such as two-mode squeezed vac-
uum states, where each signal mode (probing the chan-
nel) is entangled with a corresponding idler mode directly
sent to the output measurement. This quantum advan-
tage was specifically proven for the readout of data from
an optical memory, known as quantum reading [12], and
the yes/no detection of a remote target, known as quan-
tum illumination [13–16].
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While quantum advantage with entangled-assisted pro-
tocols has been proven in problems of binary quantum
channel discrimination with bosonic channels, the poten-
tial advantage of quantum entanglement over the best
classical strategies still needs to be explored and fully
quantified in the more general setting of discrimination
between multiple quantum channels. As a matter of
fact, this problem is very relevant because real physi-
cal applications often involves multiple hypotheses, and
their treatment lead to non-trivial mathematical compli-
cations. In fact, naively decomposing a multi-hypothesis
quantum channel discrimination into multiple rounds of
binary cases does not necessarily preserve the quantum
advantages from the binary case.
In this work, we formulate a basic problem of multi-
ple channel discrimination that we call “channel-position
finding”. Here the goal is to determine the position of a
target channel among many copies of a background chan-
nel. We prove that, using entangled photons at the input
and a generalized form of conditional nulling receiver at
the output, we may outperform any classical strategy in
finding the position of the target channel, with a clear ad-
vantage in terms of mean error probability and its error
exponent. In particular, our receiver design only relies
on state-of-the-art technology in quantum optics, i.e., di-
rect photo-detection (not requiring number-resolution),
two-mode squeezing (which can be realized by standard
optical parametric amplifiers) and feed-forward control
(which has been demonstrated [17]). Our results can be
applied to various applications, including position-based
quantum reading, spectroscopy and target finding.
II. RESULTS
A. General setting and main findings.
We study the discrimination of multiple quantum
channels by introducing and studying the problem of
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S1<latexit sha1_base64 ="+i5nIEu8QPnwslrsO6zhcVUU9SA=">AAAB6ni cbVBNS8NAEJ3Ur1q/qh69LBbBU0lsUXsrePFYq f2ANpTNdtMu3WzC7kYooT/BiwdFvPqLvPlv3KRB 1Ppg4PHeDDPzvIgzpW370yqsrW9sbhW3Szu7e/s H5cOjrgpjSWiHhDyUfQ8rypmgHc00p/1IUhx4nP a82U3q9x6oVCwU93oeUTfAE8F8RrA2Urs9ckbl il21M6BV4uSkAjlao/LHcBySOKBCE46VGjh2pN0 ES80Ip4vSMFY0wmSGJ3RgqMABVW6SnbpAZ0YZIz +UpoRGmfpzIsGBUvPAM50B1lP110vF/7xBrP1rN 2EiijUVZLnIjznSIUr/RmMmKdF8bggmkplbEZl iiYk26ZSyEBopLr9fXiXdi6pTq9bu6pVmI4+jCC dwCufgwBU04RZa0AECE3iEZ3ixuPVkvVpvy9aCl c8cwy9Y71/pVo2p</latexit> S2<latexit sha1_base6 4="nAtuvRXRuE3mN2jIQHL6FuHMqyo=">AAA B6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laUXs rePFYqf2ANpTNdtMu3WzC7kYooT/BiwdFvPqL vPlv3KRB1Ppg4PHeDDPzvIgzpW370yqsrW9s bhW3Szu7e/sH5cOjrgpjSWiHhDyUfQ8rypmg Hc00p/1IUhx4nPa82U3q9x6oVCwU93oeUTfAE 8F8RrA2Urs9qo3KFbtqZ0CrxMlJBXK0RuWP4 TgkcUCFJhwrNXDsSLsJlpoRThelYaxohMkMT +jAUIEDqtwkO3WBzowyRn4oTQmNMvXnRIIDpe aBZzoDrKfqr5eK/3mDWPvXbsJEFGsqyHKRH3 OkQ5T+jcZMUqL53BBMJDO3IjLFEhNt0illIT RSXH6/vEq6tapTr9bvLirNRh5HEU7gFM7BgSt owi20oAMEJvAIz/BicevJerXelq0FK585hl+ w3r8A6tqNqg==</latexit> S3
<latexit sha1_base64="Kw1KnvlcsVreV BFxlOdw2Zt92Jg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lsUXsrePFYqf2ANpT NdtMu3WzC7kYooT/BiwdFvPqLvPlv3KRB1Ppg4PHeDDPzvIgzpW370yqsrW9sbhW3Szu 7e/sH5cOjrgpjSWiHhDyUfQ8rypmgHc00p/1IUhx4nPa82U3q9x6oVCwU93oeUTfAE8F 8RrA2Urs9qo3KFbtqZ0CrxMlJBXK0RuWP4TgkcUCFJhwrNXDsSLsJlpoRThelYaxohMk MT+jAUIEDqtwkO3WBzowyRn4oTQmNMvXnRIIDpeaBZzoDrKfqr5eK/3mDWPvXbsJEFGs qyHKRH3OkQ5T+jcZMUqL53BBMJDO3IjLFEhNt0illITRSXH6/vEq6F1WnVq3d1SvNRh5H EU7gFM7BgStowi20oAMEJvAIz/BicevJerXelq0FK585hl+w3r8A7F6Nqw==</latexi t>
?
<latexit sha1_base64="hB/4hsmS qnalBey2SXd6PyYkWSg=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0msq D1Z8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuEmDqPXBwOO9GWbme RFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGkkKbhjyUPY8o4ExAWzPNoRdJ IIHHoetNb1K/+wBSsVDc6VkEbkDGgvmMEm2k1vWwXLGrdga8TJycVFCO5rD 8MRiFNA5AaMqJUn3HjrSbEKkZ5TAvDWIFEaFTMoa+oYIEoNwkO3SOT4wywn4 oTQmNM/XnREICpWaBZzoDoifqr5eK/3n9WPtXbsJEFGsQdLHIjznWIU6/xi MmgWo+M4RQycytmE6IJFSbbEpZCPUUF98vL5POWdWpVWut80qjnsdRREfoG J0iB12iBrpFTdRGFAF6RM/oxbq3nqxX623RWrDymUP0C9b7F6XojPE=</la texit> ?
<latexit sha1_base64="hB/4hsmS qnalBey2SXd6PyYkWSg=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0msq D1Z8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuEmDqPXBwOO9GWbme RFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGkkKbhjyUPY8o4ExAWzPNoRdJ IIHHoetNb1K/+wBSsVDc6VkEbkDGgvmMEm2k1vWwXLGrdga8TJycVFCO5rD 8MRiFNA5AaMqJUn3HjrSbEKkZ5TAvDWIFEaFTMoa+oYIEoNwkO3SOT4wywn4 oTQmNM/XnREICpWaBZzoDoifqr5eK/3n9WPtXbsJEFGsQdLHIjznWIU6/xi MmgWo+M4RQycytmE6IJFSbbEpZCPUUF98vL5POWdWpVWut80qjnsdRREfoG J0iB12iBrpFTdRGFAF6RM/oxbq3nqxX623RWrDymUP0C9b7F6XojPE=</la texit>
?
<latexit sha1_base64="hB/4hsmSqnalBey2SXd6PyYkWSg=">AAAB6Hic bVBNS8NAEN3Ur1q/qh69LBbBU0msqD1Z8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuEmDqPXBwOO9GWbmeRFnStv2p1VYWV1b3yhulra2d3b3yv sHHRXGkkKbhjyUPY8o4ExAWzPNoRdJIIHHoetNb1K/+wBSsVDc6VkEbkDGgvmMEm2k1vWwXLGrdga8TJycVFCO5rD8MRiFNA5AaMqJUn3HjrSbEKkZ5TAvD WIFEaFTMoa+oYIEoNwkO3SOT4wywn4oTQmNM/XnREICpWaBZzoDoifqr5eK/3n9WPtXbsJEFGsQdLHIjznWIU6/xiMmgWo+M4RQycytmE6IJFSbbEpZCPU UF98vL5POWdWpVWut80qjnsdRREfoGJ0iB12iBrpFTdRGFAF6RM/oxbq3nqxX623RWrDymUP0C9b7F6XojPE=</latexit>
I1
<latexit sha1_base64="/KikqwjjY3L n6NEQ/X4PpYUuiyU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lssXoreNFbR fsBbSib7aZdutmE3Y1QQn+CFw+KePUXefPfuEmDqPXBwOO9GWbmeRFnStv2p1VYW V1b3yhulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuRpDjwOO1606vU7z5QqV go7vUsom6Ax4L5jGBtpLuboTMsV+yqnQEtEycnFcjRGpY/BqOQxAEVmnCsVN+xI+ 0mWGpGOJ2XBrGiESZTPKZ9QwUOqHKT7NQ5OjHKCPmhNCU0ytSfEwkOlJoFnukMsJ 6ov14q/uf1Y+1fuAkTUaypIItFfsyRDlH6NxoxSYnmM0MwkczcisgES0y0SaeUhXC Z4vz75WXSOas6tWrttl5pNvI4inAEx3AKDjSgCdfQgjYQGMMjPMOLxa0n69V6W7Q WrHzmEH7Bev8C2YCNnQ==</latexit>
I2
<latexit sha1_base64="OQelGJxJ6iLJ eh5RcevKyjgpvQI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lasXoreNFbRfsB bSib7aZdutmE3Y1QQn+CFw+KePUXefPfuEmDqPXBwOO9GWbmeRFnStv2p1VYWV1b3y hulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuRpDjwOO1606vU7z5QqVgo7vUs om6Ax4L5jGBtpLubYW1YrthVOwNaJk5OKpCjNSx/DEYhiQMqNOFYqb5jR9pNsNSMcD ovDWJFI0ymeEz7hgocUOUm2alzdGKUEfJDaUpolKk/JxIcKDULPNMZYD1Rf71U/M/r x9q/cBMmolhTQRaL/JgjHaL0bzRikhLNZ4ZgIpm5FZEJlphok04pC+Eyxfn3y8ukU6 s69Wr99qzSbORxFOEIjuEUHGhAE66hBW0gMIZHeIYXi1tP1qv1tmgtWPnMIfyC9f4F 2wSNng==</latexit>
I3
<latexit sha1_base64="iHxSeb2tVPAcxmcrR+k8stdyDRk=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lssXoreNFbRfsBbSib7aZdutmE3Y1QQn+CFw+KePUXefPfuEmDqPXBwOO9GWbmeRFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuRpDjwOO1606 vU7z5QqVgo7vUsom6Ax4L5jGBtpLubYW1YrthVOwNaJk5OKpCjNSx/DEYhiQMqNOFYqb5jR9pNsNSMcDovDWJFI0ymeEz7hgocUOUm2alzdGKUEfJDaUpolKk/JxIcKDULPNMZYD1Rf71U/M/ rx9q/cBMmolhTQRaL/JgjHaL0bzRikhLNZ4ZgIpm5FZEJlphok04pC+Eyxfn3y8ukc1Z1atXabb3SbORxFOEIjuEUHGhAE66hBW0gMIZHeIYXi1tP1qv1tmgtWPnMIfyC9f4F3IiNnw==</la texit>
S1<latexit sha1_base64="+i5nIEu8QPnwslrsO 6zhcVUU9SA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lsUXsrePFYqf2ANpTNdtMu3WzC7kYoo T/BiwdFvPqLvPlv3KRB1Ppg4PHeDDPzvIgzpW370yqsrW9sbhW3Szu7e/sH5cOjrgpjSWiHhDyUfQ 8rypmgHc00p/1IUhx4nPa82U3q9x6oVCwU93oeUTfAE8F8RrA2Urs9ckblil21M6BV4uSkAjlao/LH cBySOKBCE46VGjh2pN0ES80Ip4vSMFY0wmSGJ3RgqMABVW6SnbpAZ0YZIz+UpoRGmfpzIsGBUvPAM 50B1lP110vF/7xBrP1rN2EiijUVZLnIjznSIUr/RmMmKdF8bggmkplbEZliiYk26ZSyEBopLr9fXiX di6pTq9bu6pVmI4+jCCdwCufgwBU04RZa0AECE3iEZ3ixuPVkvVpvy9aClc8cwy9Y71/pVo2p</la texit> S2<latexit sha1_base64="nAtuvRXRuE3mN2j IQHL6FuHMqyo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laUXsrePFYqf2ANpTNdtMu3 WzC7kYooT/BiwdFvPqLvPlv3KRB1Ppg4PHeDDPzvIgzpW370yqsrW9sbhW3Szu7e/sH5cOjrg pjSWiHhDyUfQ8rypmgHc00p/1IUhx4nPa82U3q9x6oVCwU93oeUTfAE8F8RrA2Urs9qo3KFbt qZ0CrxMlJBXK0RuWP4TgkcUCFJhwrNXDsSLsJlpoRThelYaxohMkMT+jAUIEDqtwkO3WBzow yRn4oTQmNMvXnRIIDpeaBZzoDrKfqr5eK/3mDWPvXbsJEFGsqyHKRH3OkQ5T+jcZMUqL53BBM JDO3IjLFEhNt0illITRSXH6/vEq6tapTr9bvLirNRh5HEU7gFM7BgStowi20oAMEJvAIz/Bic evJerXelq0FK585hl+w3r8A6tqNqg==</latexit> S3
<latexit sha1_base64="Kw1KnvlcsVreVBFxlOdw2Zt92Jg=">AAAB6nicbVBNS8NAEJ3Ur1q/ qh69LBbBU0lsUXsrePFYqf2ANpTNdtMu3WzC7kYooT/BiwdFvPqLvPlv3KRB1Ppg4PHeDDPzvIgzpW370yqsrW9sbhW3Szu7e/sH5cOjrgpjSWiHhDyUfQ8rypmgHc00p/1IUhx4nPa82U3q9x6oVCwU 93oeUTfAE8F8RrA2Urs9qo3KFbtqZ0CrxMlJBXK0RuWP4TgkcUCFJhwrNXDsSLsJlpoRThelYaxohMkMT+jAUIEDqtwkO3WBzowyRn4oTQmNMvXnRIIDpeaBZzoDrKfqr5eK/3mDWPvXbsJEFGsqyHKR H3OkQ5T+jcZMUqL53BBMJDO3IjLFEhNt0illITRSXH6/vEq6F1WnVq3d1SvNRh5HEU7gFM7BgStowi20oAMEJvAIz/BicevJerXelq0FK585hl+w3r8A7F6Nqw==</latexit>
rB
<latexit sha1_base64="Mu3G+eAK/orrn4kODb3j62Vw QaU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lssXorevFY0X5AG8pmu2mXbjZhdyOU0J/gxYMiXv1F3vw3btIga n0w8Hhvhpl5XsSZ0rb9aRVWVtfWN4qbpa3tnd298v5BR4WxJLRNQh7KnocV5UzQtmaa014kKQ48Trve9Dr1uw9UKhaKe z2LqBvgsWA+I1gb6U4Or4blil21M6Bl4uSkAjlaw/LHYBSSOKBCE46V6jt2pN0ES80Ip/PSIFY0wmSKx7RvqMABVW6S nTpHJ0YZIT+UpoRGmfpzIsGBUrPAM50B1hP110vF/7x+rP0LN2EiijUVZLHIjznSIUr/RiMmKdF8ZggmkplbEZlgiYk 26ZSyEC5TnH+/vEw6Z1WnVq3d1ivNRh5HEY7gGE7BgQY04QZa0AYCY3iEZ3ixuPVkvVpvi9aClc8cwi9Y718xyY3X</ latexit>
rT
<latexit sha1_base64="6pKWq+5yqdTcoXthZZ5L8lhzGF8 =">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lssXorePFYsV/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+NmzSIWh8MPN6bYWa eF3GmtG1/WoW19Y3NreJ2aWd3b/+gfHjUVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u0n93gOVioWirecRdQM8EcxnBGsj3 ctRe1Su2FU7A1olTk4qkKM1Kn8MxyGJAyo04VipgWNH2k2w1IxwuigNY0UjTGZ4QgeGChxQ5SbZqQt0ZpQx8kNpSmiUqT8nEh woNQ880xlgPVV/vVT8zxvE2r9yEyaiWFNBlov8mCMdovRvNGaSEs3nhmAimbkVkSmWmGiTTikL4TrF5ffLq6R7UXVq1dpdvdJs 5HEU4QRO4RwcaEATbqEFHSAwgUd4hheLW0/Wq/W2bC1Y+cwx/IL1/gVNEY3p</latexit>
rB
<latexit sha1_base64="Mu3G+eAK/orrn4kODb3j62VwQaU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lssXor evFY0X5AG8pmu2mXbjZhdyOU0J/gxYMiXv1F3vw3btIgan0w8Hhvhpl5XsSZ0rb9aRVWVtfWN4qbpa3tnd298v5BR4WxJLRNQh7KnocV5UzQtmaa014kKQ48Trve9Dr1uw9UKhaKez2LqBvgsWA+I1gb6U4Or4blil21M6Bl4uSkAjlaw/LHYB SSOKBCE46V6jt2pN0ES80Ip/PSIFY0wmSKx7RvqMABVW6SnTpHJ0YZIT+UpoRGmfpzIsGBUrPAM50B1hP110vF/7x+rP0LN2EiijUVZLHIjznSIUr/RiMmKdF8ZggmkplbEZlgiYk26ZSyEC5TnH+/vEw6Z1WnVq3d1ivNRh5HEY7gGE7BgQY04 QZa0AYCY3iEZ3ixuPVkvVpvi9aClc8cwi9Y718xyY3X</latexit>
R
eceiv
er
<latexit sha1_base64="uyqWXb0FcMOlQvBe22qdLgTtk08=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUmtWN0V3LisYmuhDWUyvWmHTh7M3Ig19EvcuFDErZ/izr9xkgZR64GBwznncu8cNxJcoW1/GoWl5ZXVteJ6aWNza7ts7ux2VBhLBm0WilB2XapA8ADayFFAN5JAfVfArTu5SP3bO5CKh8ENTiNwfDoKuMcZRS0NzHIf4R6Ta2DAdW42MCt21c5gLZJaTiokR2tgfvSHIYt9CJAJqlSvZkfoJFQiZwJmpX6sIKJsQkfQ0zSgPignyQ6fWYdaGVpeKPUL0MrUnxMJ9ZWa+q5O+hTH6q+Xiv95vRi9MyfhQRQjBGy+yIuFhaGVtmANuQSGYqoJZZLrWy02ppIy1F2VshLOU5x+f3mRdI6rtXq1fnVSaTbyOopknxyQI1IjDdIkl6RF2oSRmDySZ/JiPBhPxqvxNo8WjHxmj/yC8f4FfSyTuw==</latexit>
(a)
<latexit sha1_b ase64="Y3vgss0kayFlIRWSmkt3X4W UJ+w=">AAAB6nicbVBNS8NAEJ3Ur1q /qh69LBahXkpixeqt4MVjRfsBbSib 7aZdutmE3Y1QQn+CFw+KePUXefPfuE mDqPXBwOO9GWbmeRFnStv2p1VYWV1b 3yhulra2d3b3yvsHHRXGktA2CXkoe x5WlDNB25ppTnuRpDjwOO160+vU7z5 QqVgo7vUsom6Ax4L5jGBtpLsqPh2W K3bNzoCWiZOTCuRoDcsfg1FI4oAKTT hWqu/YkXYTLDUjnM5Lg1jRCJMpHtO+ oQIHVLlJduocnRhlhPxQmhIaZerPi QQHSs0Cz3QGWE/UXy8V//P6sfYv3YS JKNZUkMUiP+ZIhyj9G42YpETzmSGYS GZuRWSCJSbapFPKQrhKcfH98jLpnN Wceq1+e15pNvI4inAEx1AFBxrQhBto QRsIjOERnuHF4taT9Wq9LVoLVj5zCL 9gvX8BniSNdg==</latexit>
(b)
<latexit sha1_base64="GRMosGXa trYftVUXpi1YO3omM8M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpix eqt4MVjRfsBbSib7aZdutmE3Y1QQn+CFw+KePUXefPfuEmDqPXBwOO9GWbme RFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuR pDjwOO160+vU7z5QqVgo7vUsom6Ax4L5jGBtpLuqdzosV+yanQEtEycnFcj RGpY/BqOQxAEVmnCsVN+xI+0mWGpGOJ2XBrGiESZTPKZ9QwUOqHKT7NQ5OjH KCPmhNCU0ytSfEwkOlJoFnukMsJ6ov14q/uf1Y+1fugkTUaypIItFfsyRDl H6NxoxSYnmM0MwkczcisgES0y0SaeUhXCV4uL75WXSOas59Vr99rzSbORxF OEIjqEKDjSgCTfQgjYQGMMjPMOLxa0n69V6W7QWrHzmEH7Bev8Cn6mNdw== </latexit>
(c)
<latexit sha1_b ase64="yx48iDMLOfTsBLpbzraVSbc yJ9o=">AAAB6nicbVBNS8NAEJ3Ur1q /qh69LBahXkpixeqt4MVjRfsBbSib 7aZdutmE3Y1QQn+CFw+KePUXefPfuE mDqPXBwOO9GWbmeRFnStv2p1VYWV1b 3yhulra2d3b3yvsHHRXGktA2CXkoe x5WlDNB25ppTnuRpDjwOO160+vU7z5 QqVgo7vUsom6Ax4L5jGBtpLsqOR2W K3bNzoCWiZOTCuRoDcsfg1FI4oAKTT hWqu/YkXYTLDUjnM5Lg1jRCJMpHtO+ oQIHVLlJduocnRhlhPxQmhIaZerPi QQHSs0Cz3QGWE/UXy8V//P6sfYv3YS JKNZUkMUiP+ZIhyj9G42YpETzmSGYS GZuRWSCJSbapFPKQrhKcfH98jLpnN Wceq1+e15pNvI4inAEx1AFBxrQhBto QRsIjOERnuHF4taT9Wq9LVoLVj5zCL 9gvX8BoS6NeA==</latexit>
⌘
<latexit sha1_base64="ApP1+ENH0Ea91nsbBoqVyA2Qv44=">AAAB63icbVBNS8NAEN3Ur1q/qh6 9LBbBU0lUrN4KXjxWsB/QhrLZTtqlu0nYnQgl9C948aCIV/+QN/+NSRpErQ8GHu/NMDPPi6QwaNufVmlldW19o7xZ2dre2d2r7h90TBhrDm0eylD3PGZAigDaKFBCL9LAlCeh601vMr/7ANqIMLjHWQSuYuNA +IIzzKQBIBtWa3bdzkGXiVOQGinQGlY/BqOQxwoC5JIZ03fsCN2EaRRcwrwyiA1EjE/ZGPopDZgC4yb5rXN6kioj6oc6rQBprv6cSJgyZqa8tFMxnJi/Xib+5/Vj9K/cRARRjBDwxSI/lhRDmj1OR0IDRzlLC eNapLdSPmGacUzjqeQhXGe4/H55mXTO6s55/fzuotZsFHGUyRE5JqfEIQ3SJLekRdqEkwl5JM/kxVLWk/VqvS1aS1Yxc0h+wXr/Ah5bjmQ=</latexit>
NB
<latexit sha1_base64="OuUIXjL0E1dts1QCxQ4hlUbvLNU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0msWL0VvXiSivYD2l A22027dLMJuxuhhP4ELx4U8eov8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwtLyyulZcL21sbm3vlHf32iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJlep33mgUrFQ3OtpRN0AjwTzGcHaSHc3g8tBuWJX7QxokTg5qUCO5qD80R+GJA6o0IRjpXqOHWk3wVIzwums1I8Vj TCZ4BHtGSpwQJWbZKfO0JFRhsgPpSmhUab+nEhwoNQ08ExngPVY/fVS8T+vF2v/3E2YiGJNBZkv8mOOdIjSv9GQSUo0nxqCiWTmVkTGWGKiTTqlLISLFGffLy+S9knVqVVrt6eVRj2PowgHcAjH4EAdGnANTWgBgRE8wjO8WNx6sl6tt3lrwcpn9uEXrPcv+uKNsw==</la texit>
NB
<latexit sha1_base64="OuUIXjL0E1dts1QCxQ4hlUbvLNU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0msWL0VvXiSivYD2l A22027dLMJuxuhhP4ELx4U8eov8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwtLyyulZcL21sbm3vlHf32iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJlep33mgUrFQ3OtpRN0AjwTzGcHaSHc3g8tBuWJX7QxokTg5qUCO5qD80R+GJA6o0IRjpXqOHWk3wVIzwums1I8Vj TCZ4BHtGSpwQJWbZKfO0JFRhsgPpSmhUab+nEhwoNQ08ExngPVY/fVS8T+vF2v/3E2YiGJNBZkv8mOOdIjSv9GQSUo0nxqCiWTmVkTGWGKiTTqlLISLFGffLy+S9knVqVVrt6eVRj2PowgHcAjH4EAdGnANTWgBgRE8wjO8WNx6sl6tt3lrwcpn9uEXrPcv+uKNsw==</la texit>
NB
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Figure 1. Channel-position finding (CPF) schematics.
CPF represents a fundamental model of pattern recognition
with quantum channels. (a) Example for m = 3 subsystems.
Global channels E1, E2, E3 consist of sub-channels Φ on sub-
systems S1, S2, S3. Each sub-channel can be chosen to be a
background channel Φ(B) or a target channel Φ(T ). Chan-
nel En (for n = 1, · · · ,m) means that the target channel is
applied to subsystem Sn while all the other subsystems un-
dergo background channels. (b) The classical strategy sends
coherent-state signals (red, Sk), while the entangled strategy
sends signals (red, Sk) entangled with locally stored idlers
(blue, Ik). (c) Bosonic applications to quantum reading of
position-based data and quantum-enhanced direction finding
of a remote target. Entangled pairs of signal (red) and idler
(blue) are used. In position-based quantum reading, each
sub-channel corresponds to a memory cell with reflectivity rB
(background) or rT (target); in quantum target finding, each
sub-channel corresponds to a sector on a fixed-radius sphere
where a target with reflectivity η can be present or absent.
If the target is absent, the returning signal is replaced by en-
vironmental noise with NB mean thermal photons per mode.
channel-position finding (CPF). This is a basic model of
pattern recognition involving quantum channels, which
has relations with the notion of pulse-position modula-
tion [19–22]. In CPF, a pattern is represented by a multi-
mode quantum channel E composed ofm sub-channels Φ,
each acting on a different subsystem Sk (for k = 1, . . . ,m)
and chosen from a binary alphabet {Φ(B),Φ(T )}. Only
one of the sub-channels can be the target channel Φ(T ),
while all the others are copies of a background channel
Φ(B). A quantum pattern is therefore represented by
a global channel En (for n = 1, · · · ,m) where the tar-
get channel is only applied to subsystem Sn while all
the other subsystems undergo background channels (see
Fig. 1a for a simple example with m = 3).
In this scenario, we design entanglement-enhanced pro-
tocols, based on a two-mode squeezed vacuum source and
a generalized entangled version of the conditional-nulling
(CN) receiver [17, 23–25], that are able to greatly out-
perform any classical strategy based on coherent states
(see Fig. 1b for a schematic). This quantum advantage is
quantified in terms of much lower mean error probability
and improved error exponent for its asymptotic behavior.
Quantum-enhanced CPF has wide applications (see
Fig. 1c). In quantum reading of classical data, this cor-
responds to a novel formulation that we call ‘position-
based quantum reading’. Here the information is encoded
in the position of a target memory cell with reflectivity
rT which is randomly located among background mem-
ory cells with reflectivity rB . This is a particularly suit-
able model for information readout from sparse memory
blocks. Changing from spatial to frequency modes, it can
be mapped into a quantum-enhanced model of photome-
ter or scanner, where the goal is to find an absorbance
line within a band of frequencies. The advantage can
therefore be interpreted as a quantum-enhanced tool for
non-invasive spectroscopy.
Another potential application of CPF is quantum tar-
get finding, where we simultaneously probe multiple
space cells that are now represented by sectors of a sphere
with some fixed radius. Only a single sector has a target
with reflectivity η while all the other sectors are empty.
Moreover, each sector is characterized by bright noise so
that NB mean thermal photons per bosonic mode are ir-
radiated back to the receiver. Of course the problem is
not limited to a spherical geometry. For instance, it can
be seen in the context of defected device detection. Sup-
pose there is an assembly line for producing a device that
implements a channel, and with low probability, the as-
sembly line produces a defective device that implements
a different channel. Similarly, the problem can equiva-
lently be mapped from spatial to frequency modes, so as
to realize a quantum-enhanced scanner now working in
very noisy conditions.
Besides these potential applications, we expect that
our results will have other implications beyond the model
of CPF. For instance, as a by-product, we also found that
our generalized CN receiver beats the best known receiver
for the original binary problem of quantum reading [12]
(see Sec. VIIB for more details).
B. Generalized conditional nulling receiver
From a mathematical point of view, the model of CPF
exploits a relevant symmetry property that enables us
to perform analytical calculations. Formally, we consider
the discrimination ofm possible global channels {En}mn=1,
each with equal prior probability and expressed by
En =
(⊗k 6=n Φ(B)Sk )⊗ Φ(T )Sn , (1)
where Φ(B/T )Sk is the background/target channel acting on
subsystem Sk. In general, each subsystem may represent
a collection of M bosonic modes.
It is easy to see that the ensemble of global channels
{En}mn=1 has the geometric uniform symmetry (GUS) [22]
En = Sn−1E1S†n−1, where the unitary S is a cyclic per-
mutation and Sm = I, with I being the identity operator.
3Because the channels are highly symmetric, it is natural
to input a product state with GUS ⊗mk=1φSk , in which
case the output state becomes
ρn =
(⊗k 6=n σ(B)Sk )⊗ σ(T )Sn , (2)
where σ(T/B) := Φ(T/B)(φ). It is clear that this ensemble
of output states also has GUS, i.e., ρn = Sn−1ρ1S†n−1,
and it is analogous to the states considered in a pulse-
position modulation [19, 21, 22].
It is known [22, 26] that the optimal positive-valued
operator measure (POVM) {Πk} minimizing the error
probability for discriminating an ensemble of GUS states
has the same type of symmetry, i.e., Πn = Sn−1Π1S†n−1.
This POVM has minimum error probability (Helstrom
limit) PH = 1−Tr(ρ1Π1). For the specific cases where the
output states are pure σT/B =
∣∣ψ(T/B)〉〈ψ(T/B)∣∣, with
overlap ζ = | 〈ψ(T )|ψ(B)〉 |2, we have the following ex-
pression of the Helstrom limit
PH(m, ζ) =
m− 1
m2
[√
1 + (m− 1)ζ −
√
1− ζ
]2
, (3)
which is achievable by the ‘pretty good’ measure-
ment [27–29]. In particular, note that for mζ  1 we
have the asymptotic expansion
PH =
1
4
(m− 1)ζ2 +O(m2ζ3). (4)
In general, when Eq. (2) represents an ensemble of
mixed states, we do not know how to compute the ul-
timate Helstrom limit. However, we can resort to a sub-
optimal detection strategy by generalizing the CN re-
ceiver of Ref. [23]. In fact, consider the m-ary CPF prob-
lem of Eq. (1) with target/background channel Φ(T/B).
Assume that the pattern is probed by a GUS state so
that the output ensemble is given by a generally-mixed
state as in Eq. (2) with target/background state σ(T/B).
Then, we show the following (see Sec. VII F for a proof).
Theorem 1 (Generalized CN receiver) Denote
by hn the hypothesis that the target channel Φ(T ) is
encoded in sub-system Sn, so that the global channel
is En. Suppose that there are two partially unambigu-
ous POVMs, that we call t-POVM {Π(T )t ,Π(B)t } and
b-POVM {Π(T )b ,Π(B)b }, such that
tr
[
Π
(T )
t σ
(T )
]
= tr
[
Π
(B)
b σ
(B)
]
= 1. (5)
Then, we design the following receiver. Start with n = 1:
1. Check the current hypothesis hn by measuring sub-
system Sn with the t-POVM {Π(T )t ,Π(B)t }.
2. If the outcome from Sn is ‘T’, measure all
the remaining subsystems {Sk}mk=n+1 in the b-POVM
{Π(T )b ,Π(B)b }. If we get outcome ‘T’ for some Sk then
select the hypothesis hk. Otherwise, select hn.
3. If the outcome from Sn is ‘B’, then discard hn and
repeat from point 1 with the replacement n → n + 1. If
n+ 1 = m, then select hypothesis hm.
The error probability of this CN receiver is
PCNm (ζ1, ζ2) =
1
m
ζ2
ζ1
(
mζ1 + (1− ζ1)m − 1
)
, (6)
where ζ1 = tr
(
σ(B)Π
(T )
t
)
and ζ2 = tr
(
σ(T )Π
(B)
b
)
are the
two types of error probabilities.
Note that, when mζ1  1, we have the asymptotic
expansion
PCNm '
1
2
(m− 1)ζ1ζ2. (7)
Also note that the above receiver is a CN receiver be-
cause it exploits partially-unambiguous POVMs and a
feed-forward mechanism, similar to the classical CN re-
ceiver [23]. However, it is a generalized CN receiver be-
cause it also involves entanglement with ancillas and may
also be applied to mixed-state inputs, while the original
CN receiver [23] only applies to pure states with no en-
tanglement. Finally, our receiver only relies on local op-
erations and classical communication among the different
subsystems, an important feature that makes it practical.
For pure GUS states, one can always devise partially
unambiguous POVMs and find symmetric error probabil-
ities ζ1 = ζ2 = ζ, in which case the CN receiver asymp-
totically achieves twice the Helstrom limit in Eq. (4).
However, for mixed GUS states, it is generally difficult to
design such POVMs, and we will have to give non-trivial
constructions in this paper. Also note that feed-forward
is crucial for achieving good performance.
In fact, suppose that we choose a simple strategy with-
out feed-forward, e.g., measuring all subsystems in the b-
POVM {Π(T )b ,Π(B)b }. In this case, no error occurs when
measuring background states σ(B). The error only oc-
curs when this POVM is applied to the target state σ(T )
and gives the erroneous outcome ‘B’, which happens with
probability ζ2. When this happens, we need to randomly
guess (just because all outcomes would be equal to ‘B’).
This gives a conditional error probability (m− 1) /m,
since only one among the m subsystems is correct. The
corresponding error probability for this design is given by
P tm(ζ2) =
m∑
k=1
1
m
× ζ2 × m− 1
m
= (m− 1)ζ2/m, (8)
where the first 1/m factor is the equal prior. We find
that P tm(ζ2) ≥ PCNm (ζ1, ζ2), i.e., the CN strategy is al-
ways better than the non-feed-forward strategy and the
advantage is particularly large when ζ1 is small.
III. CLASSICAL VERSUS ENTANGLED
STRATEGY
Given a CPF problem expressed by Eq. (1), we aim
to minimize the mean error probability affecting the dis-
4crimination of the corresponding m hypotheses {hn}mn=1.
The solution of this problem is derived assuming that
the signal modes irradiated over the subsystems are
energetically-constrained. More precisely, let us discuss
below the details on how we compare classical strategies
(or ‘benchmarks’) with quantum strategies.
In a classical strategy (see Fig. 1b), we consider an
input source which is described by a state with positive
P-representation, so that it emits a statistical mixtures
of multi-mode coherent states. First assume that this
classical source has the GUS structure ⊗mk=1φSk , so that
M modes and MNS mean photons are irradiated over
each subsystem. In this case, we can directly map Eq. (1)
into Eq. (2) and write the following lower bound based
on Ref. [30] (see Sec. VIIG for more details)
PH,LB =
m− 1
2m
F 4
(
σ(T ), σ(B)
)
, (9)
where F is the quantum fidelity.
For the problem of CPF with arbitrary single-mode
phase-insensitive bosonic Gaussian channels [11, 31] (see
Sec. VIIA for a detailed definition), we prove a general
classical benchmark. Suppose the target and background
channels have transmissivity/gain µT , µB and output
noises ET , EB . Given the most general classical source
at the input, i.e., a multimode mixture of coherent states
not necessarily with GUS structure, and assuming it ir-
radiates a total ofmM modes andmMNS mean photons
over the entire pattern of channels, we show the follow-
ing lower bound (LB) to the mean error probability (see
Sec. VIIH and Sec. VIII B for proof)
PH,LB =
m− 1
2m
c2MEB ,ET exp
[
−2MNS(
√
µB −√µT )2
1 + EB + ET
]
,
(10)
with cEB ,ET ≡ [1+
(√
EB(1 + ET )−
√
ET (1 + EB)
)2
]−1.
First note that we can also obtain this bound from
Eq. (9) by considering a source that irradiates a single-
mode coherent state |√NS〉 for each of the M modes
probing subsystem Sk. Then, consider no passive signa-
ture EB = ET , which means that successful discrimina-
tion requires signal irradiation, i.e., it cannot be based
on the passive detection of different levels of background
noise. In this latter case, we find that an energetic single-
mode coherent state |MNS〉 on each subsystem is able to
produce Eq. (10) from Eq. (9). For this reason, in our
next comparisons, we will also consider the performance
of such a coherent-state source. In some cases, the cor-
responding output ensemble will turn out to be pure, so
that we can exactly quantify its performance via Eq. (3).
In order to obtain an enhancement by means of entan-
glement, we need to introduce ancillary ‘idler’ systems
Ik, for 1 ≤ k ≤ m, which are directly sent to the mea-
surement apparatus (see Fig. 1b). This means that the
generic global channel takes the form
En ⊗ I =
[
⊗k 6=n (Φ(B)Sk ⊗ IIk)
]
⊗ (Φ(T )Sn ⊗ IIn). (11)
For the quantum source, we use the tensor product
φ⊗mMME , where φME :=
∑∞
k=0
√
NkS/(NS + 1)
k+1 |k, k〉 is
a two-mode squeezed vacuum state that maximally en-
tangles a signal mode with a corresponding idler mode,
given the mean number of photons NS constraining both
signal and idler energies. Each subsystem Sk is probed by
the signal part of φ⊗MME with a total of MNS photons on
average irradiated over Sk. Therefore, the overall GUS
ensemble of output states takes the form
ρn = (En ⊗ I)φ⊗mMME =
(⊗k 6=n Ξ(B)SkIk)⊗ Ξ(T )SnIn , (12)
where Ξ(T/B) = (Φ(T/B)⊗I)(φ⊗MME). For generally-mixed
states, it is difficult to calculate the Helstrom limit. One
alternative is to use the upper bound (UB) [30]
PH,UB = (m− 1)F 2
(
Ξ(T ),Ξ(B)
)
. (13)
However, far better results can be found by employing
the generalized CN receiver of Theorem 1. Note that
the formulation and proof of this theorem automatically
applies to the extended channel En → En⊗I and the cor-
responding target/background state σ(T/B) → Ξ(T/B).
In the following we explicitly compare classical and
quantum performance for the paradigmatic cases men-
tioned in our introduction, i.e., position-based quan-
tum reading and quantum target finding, including their
frequency-based spectroscopic formulations. In all cases
we exactly quantify the quantum advantage that is
achievable by the use of entanglement.
IV. POSITION-BASED QUANTUM READING
AND FREQUENCY SCANNER
As depicted in Fig. 1, a possible specification of the
problem is for the quantum readout of classical data from
optical memories. In quantum reading [12], the bosonic
channels are used to model the reflection of light from
the surfaces of an optical cell with different reflectivities,
whose two possible values rT and rB are used to encode
a classical bit. In the absence of other noise, the read-
out process is therefore equivalent to discriminating the
value r ∈ {rT , rB} of the loss parameter of a pure-loss
bosonic channel Lr. In our position-based formulation
of the protocol, the classical information is encoded in
the position of a target cell (with reflectivity µT = rT )
within a pattern of m cells, where all the remaining are
background cells (with reflectivity µB = rB). In general,
we probe each cell with M bosonic modes, so that we
have target channel Φ(T ) = L⊗MrT and background chan-
nel Φ(B) = L⊗MrB . In the following, we develop our theory
of position-based quantum and classical reading in this
pure-loss setting, where EB = ET = 0. Our analysis can
be extended to the presence of extra noise (thermal-loss
channels) as discussed in Sec. VII I.
As previously mentioned, we can map the model from
spatial to frequency modes. This means that the prob-
lem may be translated into a spectroscopic one where
5the goal is to find a faint absorbance line rT < 1 within
a range W of transparent frequencies (rB ∼ 1). This
can be resolved into a discrete ensemble of m = W/δW
modes, where δW is the bandwidth of the detector. The
corresponding quantum-advantage can then be directly
re-stated in terms of better identifying an absorbance
line in a frequency spectrum, where we are constrained
to use a white power spectral density over W for a cer-
tain time duration, so that the total irradiated energy is
equal to mMNS . This model can be considered both in
transmission (e.g., in a spectro-photometer setup) and in
reflection (e.g., in a scanner-like setup).
A. Position-based reading with classical light
We can easily specify the lower bound in Eq. (10) to
the reading problem, so that we get the following lower
bound for position-based classical reading of a block of
m cells irradiated by mMNs mean photons
PCRH,LB =
m− 1
2m
e−2MNS(
√
rB−√rT )2 , (14)
where ‘CR’ stands for classical reading. As discussed
before, we can also obtain this bound from Eq. (9) by
irradiating energetic single-mode coherent states on each
subsystem, i.e., ⊗mk=1 |α〉Sk with α =
√
MNS .
Assuming the input source ⊗mk=1 |α〉Sk , the output
states {ρn}mn=1 are pure, expressed by Eq. (2) with
σ(`) = |√r`α〉 for ` = T,B. Thus we can use Eq. (3)
to calculate the Helstrom limit at the output
PCRH (rB , rT ,M,NS) = PH(m, ζ
CR), (15)
where ζCR = | 〈√rBα|√rTα〉 |2 = e−MNS(
√
rB−√rT )2 . In
the limit of small overlap ζ  1, we have
PCRH '
1
4
(m− 1)e−2MNS(
√
rB−√rT )2 , (16)
which is only m/2 times larger than the lower bound in
Eq. (14). This also means that the lower bound is tight in
the error exponent. Although it is extremely difficult to
minimize the Helstrom limit by varying the input among
general non-symmetric classical states, we can show that
mixtures of the type
´
d2αP (α)⊗mk=1 |α〉Sk or increasing
the modes in each subsystem do not improve the value
of PCRH (see details in Sec. VII E).
B. Position-based reading with entangled light
To get a quantum advantage in terms of a lower er-
ror probability and, therefore, a higher rate of data re-
trieval from the pattern, we interrogate each cell with
the signal-part of an M -pair two-mode squeezed vac-
uum state φ⊗MME . At the output of each cell, we get
the state Ξ(`) = [(Lr` ⊗ I)φME]⊗M for ` = B, T . We
can upper bound the error probability using the formula
in Eq. (13), where the fidelity term F 2
(
Ξ(T ),Ξ(B)
)
=
F 2M
[
(LrT ⊗I)φME, (LrB⊗I)φME
]
can be exactly calcu-
lated (see Sec. VIIIA for details). The exact expression
of the bound PQRH,UB is too long to display, but will be
used in our numerical comparisons (here ‘QR’ stands for
quantum reading).
For NS  1 and M  1 at fixed MNS per cell, we
have the simple asymptotic expansion
PQRH,UB ' (m−1)e−2MNS(1−
√
(1−rB)(1−rT )−√rBrT ). (17)
Comparing Eqs. (16) and (17), we can already see that,
for rT + rB ≥ 1, the error exponent of the quantum case
is better than the exact error exponent of the classical
case. In particular, this advantage becomes large when
both rT and rB are close to unity.
We can improve this result and show a greater quan-
tum advantage by employing the generalized CN receiver
of Theorem 1. An important preliminary observation is
that the output state (Lr⊗I)φME, from each probing of
a generic cell, can be transformed into a tensor product
form, where the signal mode is in the vacuum state and
the idler mode is in a thermal state with mean photon
number (1 − r)NS . This is possible by applying a two-
mode squeezing operation S2[s(r,NS)], with strength
s(r,NS) =
1
2
ln
(√
NS + 1−
√
rNS√
NS + 1 +
√
rNS
)
. (18)
This allows us to design a CN receiver for the cell out-
put state Ξ(`), which consists of two-mode squeezing op-
erations followed by photon counting on the signal modes.
By applying S2[s(rB , NS)] to each pair of the 2M signal-
idler modes, we have that Ξ(B) is transformed into a state
Ξ˜(B) with vacuum signal modes; while Ξ(T ) becomes a
state Ξ˜(T ) where the signal modes are in a product of M
thermal states, each with mean photon number
n(NS , rB , rT ) =
NS(NS + 1)(
√
rB −√rT )2
1 +NS(1− rB) . (19)
Let us now measure the number of photons on the M
signal modes. The outcomes are interpreted as follows:
If we count any photon then return ‘T’, otherwise return
‘B’. Assuming this rule, the background state Ξ˜(B) does
not lead to any photon count and, therefore, to any error.
An error occurs only if, in the presence of a target state
Ξ˜(T ), we get zero count on all M signal modes, which
happens with probability
ζQR2 = [1 + n(NS , rB , rT )]
−M . (20)
This measurement implements the b-POVM of our CN
receiver (unambiguous over background cells).
Let us now realize the t-POVM, which is unambigu-
ous on target cells. In this case, we apply the opera-
tor S2[s(rT , NS)] with different squeezing, so that Ξ˜(T )
has vacuum signal modes, while Ξ˜(B) has thermal signal
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Figure 2. Position-based quantum reading. Quantum
advantage shown for a block of m = 100 cells and NS = 5
mean photons per mode. (a) We consider the log ratio of
the error probabilities (log10[P
QR
CN/P
CR
H ]), between quantum
reading with conditional-nulling receiver PQRCN and classical
reading in the Helstrom limit PCRH . This ratio is plotted as
a function of the background and target reflectivities, rB and
rT , for M = 10 modes per cell. Note that since Eq. (6) is not
symmetric in rB and rT , we observe asymmetric patterns. (b)
Error probabilities PQRCN (black solid) and P
CR
H (black dashed)
versus number of modes M , for reflectivities rB = 0.95 and
rT = 0.9. We also include the ultimate classical benchmark
given by the lower bound for classical reading PCRH,LB (gray
dashed). (c) As in panel (b) but with rB = 1 and rT = 0.4.
modes, each with mean photon number n(NS , rT , rB).
By performing photon counting on the signal modes and
using the same rule above, we have that an error occurs
only if a background state Ξ˜(B) gets zero counts on all
M modes, which happens with probability
ζQR1 = [1 + n(NS , rT , rB)]
−M . (21)
We can now study the performance of the CN receiver
from Theorem 1, where we use the formula of Eq. (6)
computed over the two types of error probabilities ζQR1
and ζQR2 . For position-based quantum reading of a block
of m cells, we find the achievable error probability
PQRCN = P
CN
m (ζ
QR
1 , ζ
QR
2 ). (22)
At low photon numbers NS  1 while keeping the to-
tal irradiated energy MNS as a finite value, we have
that PQRCN ' 2PCRH (rB , rT ,M,NS), i.e., a factor of two
worse than the classical performance in Eq. (16). How-
ever, for larger values of NS and assuming the condition
NS(
√
rB −√rT )2  1, we find that
PQRCN '
m− 1
2
e
−M(NS+1)(√rB−√rT )2
(
1
1−rT +
1
1−rB
)
, (23)
which has a large advantage in the error exponent when
rB and rT are close to 1, as also evident from Fig. 2.
C. Further quantum enhancement
Let us consider an ideal scenario for position-based
quantum reading, where the target cell with rT < 1 has
(a)
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Figure 3. Position-based quantum reading with ideal
background. Quantum advantage for ideal background
reflectivity (rB = 1) and considering m = 100 cells.
(a) We consider the log ratio of the error probabilities
(log10[P
QR
CN∗/P
CR
H ]), between quantum reading with improved
conditional-nulling receiver PQRCN∗ and classical reading in the
Helstrom limit PCRH . This ratio is plotted as a function of
the target reflectivity rT and mean photon number per mode
NS for fixed MNS = 12, where M is the number of modes.
(b) We show the various error probabilities, i.e., quantum
reading with the improved conditional nulling receiver PQRCN∗
(including measurements of the idlers, gray solid), quantum
reading with the conditional nulling receiver PQRCN (based on
the measurement of the signals only, black solid), the classical
performance PCRH (black dashed), and the ultimate classical
benchmark PCRH,LB (gray dashed). These are plotted versus
the number of modes M , for rT = 0.95 and NS = 5. (c) As
in panel (b) but choosing parameters rT = 0.4 and NS = 5.
to be found among many background cells with perfect
reflectivity rB = 1. This configuration allows us to show
an even higher quantum advantage. In fact, for ideal
background (rB = 1), the application of S2[s(rB , NS)]
generates a background state Ξ˜(B) which is vacuum in
all signal and idler modes, and a target state Ξ˜(T ) which
is non-vacuum on all these modes. We can therefore ap-
ply the b-POVM of the CN receiver to the entire set of
2M signal and idler modes.
The type-II error probability is obtained by calculat-
ing the fidelity between Ξ˜(T ) and the vacuum state (see
Sec. VIIIA for details). This leads to
ζQR2∗ =
[
1 +NS(1−√rT )
]−2M
=
ζQR2
[1 +NS(1− rT )]M ,
(24)
with a clear improvement with respect to the previous
case ζQR2 . Consider now the t-POVM. The application
of the other squeezing operator S2[s(rT , NS)] generates
a target state Ξ˜(T ) with vacuum signals but non-vacuum
idlers, so that we must again restrict photon counting
to the signal modes, implying that we achieve the same
type-I error probability as before, i.e., ζQS1∗ = ζ
QR
1 .
Using Eq. (6), we derive the overall error probability
PQRCN∗ = P
CN
m (ζ
QR
1∗ , ζ
QR
2∗ ). At low photon numbers NS 
1 while keeping the total energy MNS as finite, we find
PQRCN∗ ' PCRH (1, rT ,M,NS)× 2e−MNS(1−rT ), (25)
7which shows a large advantage in the error exponent with
respect to the classical strategy of Eq. (16). In Fig. 3
we show the quantum advantage both in terms of er-
ror exponent and actual values of the error probabilities.
This further quantum enhancement is particularly rel-
evant to spectroscopy, where the background is indeed
highly transparent with rB very close to unity.
Finally, let us note that the other case of rT = 1 and
rB < 1 can be improved in the same way, leading to an
improved type-I error probability
ζQR1∗ =
[
1 +NS(1−√rB)
]−2M
=
ζQR1
[1 +NS(1− rB)]M ,
(26)
and the overall error probability
PQRCN∗ ' PCRH (rB , 1,M,NS)× 2e−MNS(1−rB). (27)
V. QUANTUM TARGET FINDING
In general, target detection involves a search in multi-
ple space-time-frequency bins. Time bins are associated
with ranging, frequency bins can be used for speed detec-
tion via Doppler effect, while space bins are associated
with direction finding. Let us study the latter problem
here, i.e., discovering the position of a single target in
terms of polar and azimuthal angles, while we assume
it is at some fixed range R and does not create large
Doppler shifts. Let us divide the R-radius horizon sphere
intom non-overlapping sectors, one of which contains the
reflective target. For large m, each sector Sk is approx-
imately subtended by a corresponding small solid angle
(see Fig. 1).
We simultaneously probe all m sectors, while using M
bosonic modes for each of them (e.g., a train of temporal
pulses or a single broadband pulse). Each signal mode
will shine NS mean number of photons. Let us denote
by LNµ a thermal-loss channel with loss parameter µ and
mean number of thermal photons N , so that its output
noise is E = (1 − µ)N . When the target is present in a
sector, the M signal modes go through the target chan-
nel Φ(T ) =
(LNB/(1−η)η )⊗M , so that each mode is affected
by loss parameter µT = η and output noise ET = NB .
By contrast, if the target is absent in a sector, then the
M signal modes are lost and replaced by environmen-
tal modes, each having NB mean thermal photons. For
target absent, we therefore have the background chan-
nel Φ(B) =
(LNB0 )⊗M , with µB = 0 and EB = NB (no
passive signature).
We consider the region of quantum illumination [13],
where bright thermal noise NB  1 is present in the
environment, as it would be the case at the microwave
wavelengths [15]. We then consider low energy signals
(NS  1) so that the probing is non-revealing and/or
non-destructive for the target. In these conditions, the
considered quantum channels are clearly entanglement-
breaking. Before we present the corresponding results,
let us note that the model for target finding can also be
mapped to a model of quantum-enhanced frequency scan-
ner, now in the presence of bright environmental noise.
See Sec. VIID for more details on this mapping and also
for a discussion on target ranging.
A. Target finding with classical light
The general lower bound in Eq. (10) can be specified
to classical target finding, by setting ET = EB = NB
and µT = η, µB = 0, so that we have
PCTFH,LB =
m− 1
2m
exp
[
− 2MηNS
2NB + 1
]
, (28)
where ‘CTF’ stands for classical target finding. This
expression bounds the best performance achievable by
classical sources of light that globally irradiate mMNS
mean photons over the entire sphere. In particular, we
can also obtain this bound from Eq. (9) by considering m
single-mode coherent states ⊗mk=1 |
√
MNS〉Sk , each shin-
ing MNS mean photons on a sector.
Let us compute the classical performance with a spe-
cific receiver. When we use the uniform coherent source
⊗mk=1 |
√
MNS〉Sk at the input, the ensemble of output
states of Eq. (2) is defined on the following background
and target states
σ(B) = LNB0
(∣∣∣√MNS〉〈√MNS∣∣∣) , (29)
σ(T ) = LNB/(1−η)η
(∣∣∣√MNS〉〈√MNS∣∣∣) . (30)
This is identical to classical pulse-position modulation
decoding with signal
√
ηMNS and thermal noise NB [22].
We can therefore consider the direct detection (DD)
scheme based on photon counting (see Ref. [2, p. 193]
and Ref. [22]), giving the error probability
PCTFDD =
1
m
m∑
k=2
(−1)kCkm×
exp
[
− (1− v)(1− v
k−1)ηMNS
1− vk
]
, (31)
where v = NB/(NB + 1) and Ckm is the binomial coeffi-
cient (number of combinations of k items out of m).
In the high-noise NB  1 and large number of modes
M  1 limit, this error probability is dominated by the
smallest error exponent in the sum, and it becomes
PCTFDD '
m− 1
2m
exp (−MηNS/2NB) . (32)
This is only a factor 2 worse than the bound in Eq. (28).
In these limits, we expect that classical target finding via
a DD scheme is close to the optimum.
8Figure 4. Target direction finding with classical and
entangled light. We plot the error probabilities in terms of
number of modes M , considering m = 50 sectors, NS = 10−3
photons per mode, NB = 20 thermal photons per environ-
mental mode, and η = 0.1 round-trip loss. We consider the
performance of classical target finding via direct detection
from Eq. (31) (CTF-DD, solid black line) and assuming the
lower bound of Eq. (28) (CTF-LB, black dashed line). We
then consider the performance of quantum target finding as-
suming the upper bound of Eq. (35) (QTF-UB, red dashed
line) and via the generalized CN receiver from Eq. (37) (QTF-
CN, solid red line).
B. Target finding with entangled light
Let us now assume a tensor product of two-mode
squeezed vacuum states φ⊗mMME at the input. In each
M -mode probing of a sector, the ensemble of possible
output states takes the form of Eq. (12) with the follow-
ing background and target states
Ξ(B) =
[
(LNB0 ⊗ I)φME
]⊗M
, (33)
Ξ(T ) =
[
(LNB/(1−η)η ⊗ I)φME
]⊗M
. (34)
Let us compute an upper bound based on Eq. (13). Its
exact expression is too long to display, even though it is
used in our numerical evaluation. In the limits of NS  1
and M  1 while keeping the total energy per sector
MNS as fixed, we find the following asymptotic bound
for quantum target finding
PQTFH,UB(η,NB ,M,NS) ' (m−1) exp
(
−MηNS
1 +NB
)
, (35)
where ‘QTF’ stands for quantum target finding. This has
no advantage with respect to Eq. (28), but both bounds
are likely to be non-tight. It has instead a factor of 2
advantange in the error exponent with respect to the di-
rect detection result in Eq. (32) for large noise. To better
evaluate the performance of the entangled case, we need
to analyze an explicit receiver design.
We adapt the quantum illumination receiver based on
sum-frequency-generation (SFG) process [32] to the CN
approach in Theorem 1. Consider the problem of binary
hypothesis testing between the states Ξ(B) and Ξ(T ). An
SFG receiver converts the signal-idler cross correlations
into photon number counts, through the combination of
multiple cycles of SFG process and interference. In the
limit of NS  1 and NB  1 with feed-forward disabled,
the photon counting statistics of Ξ(T ) is equivalent to a
coherent state with mean photon number MηNS(NS +
1)/NB , and Ξ(B) is equivalent to a vacuum state.
After this conversion, suppose we perform the photon-
counting stage of the SFG measurement on the back-
ground state Ξ(B), then there is always zero count and
therefore no ambiguity. For Ξ(T ), there is instead some
type-II probability ζQTF2 = e
−MηNS(NS+1)/NB of getting
zero count and therefore selecting the wrong hypothe-
sis ‘B’. This corresponds to the b-POVM of the general-
ized CN receiver. On the other hand, for the t-POVM,
suppose we apply a two-mode squeezer S2(rQTF) before
performing the previous SFG measurement, where
rQTF = −1
2
arctan
[
−2√ηNS(NS + 1)
1 +NS +NB
]
(36)
is chosen such that S2(rQTF)Ξ(T )S
†
2(r
QTF) has zero cross
correlations. Then we decide ‘T’ when no photon is
counted, making no error. However, when the input is
Ξ(B), the squeezer will create phase sensitive cross cor-
relations ' √ηNS(NS + 1). When no counts are reg-
istered, we select the wrong hypothesis ‘T’, with type-I
error probability ζQTF1 = ζ
QTF
2 .
According to Theorem 1, the performance of the gen-
eralized CN receiver (here applied to signals and idlers)
corresponds to the following mean error probability
PQTFCN = P
CN
m (ζ
QTF
1 , ζ
QTF
2 ) '
1
2
(m− 1)e−2MηNS/NB .
(37)
Comparing with Eq. (28), we see that the achievable per-
formance of quantum target finding clearly outperforms
the bound on classical target finding. In particular, we
see that the error exponent is increased by a factor 2. We
explicitly compare these results in Fig. 4.
VI. DISCUSSION
In this work we showed that the use of quantum en-
tanglement can remarkably enhance the discrimination
of multiple quantum hypotheses, represented by different
quantum channels. More precisely, we considered a basic
problem of quantum pattern recognition that we called
channel-position finding. This model can also be re-
garded as a quantum channel formulation of the classical
notion of pulse position modulation [18], so that it clearly
departs from other approaches that exploit pulse position
modulation for state-based encoding (e.g., [33]). In this
scenario, we showed that the use of an entangled source
and a suitably constructed conditional-nulling receiver
can outperform any classical strategy in finding the un-
known position of the channel. This quantum advantage,
which is quantified in terms of improved error probability
9and error exponent, has been demonstrated for paradig-
matic examples of position-based quantum reading and
quantum target finding, besides their spectroscopic for-
mulations as quantum-enhanced frequency scanners. As
further theoretical directions, it would be interesting to
exactly establish the optimal performance for discrimi-
nating quantum channels with geometrical uniform sym-
metry. Finally, although our analysis relies on symme-
try, we expect that a similar quantum advantage exists
in problems with completely arbitrary channel patterns.
VII. METHODS
A. Phase-insensitive bosonic Gaussian channels
The action of a single-mode (covariant) phase-
insensitive Gaussian channel over input quadratures xˆ =
(qˆ, pˆ)T can be represented by the transformation xˆ →√
µxˆ +
√|1− µ|xˆE + ξ, where µ is a transmissivity
(0 ≤ µ ≤ 1) or a gain (µ ≥ 1), xˆE are the quadratures
of an environmental mode in a thermal state with noise
variance ω = 2N + 1 with N being the mean number of
photons, and ξ is additive classical noise, i.e., a random
2D Gaussian distributed vector with covariance matrix
waddI. Here we assume vacuum shot noise equal to 1.
Note that, for a coherent state at the input, the output
state of the channel is generally thermal with covariance
matrix V = (µ+ |1−µ|ω+ωadd)I. Setting ω = (1+2E−
ωadd−µ)/|1−µ|, this matrix simply becomes (2E+ 1)I.
Therefore, conditionally on a coherent state input, the
channel can be described by the two parameters µ and
E. In particular, for a thermal-loss channel, we have 1 ≤
µ ≤ 1, and E = (ω− 1)(1−µ)/2 = (1−µ)N ; for a noisy
amplifier, we have µ ≥ 1, and E = (ω + 1)(µ − 1)/2 =
(µ−1)(N+1); and finally, for an additive Gaussian noise
channel, we have µ = 1 and E = ωadd/2.
B. Optimal receiver design for standard quantum
reading
The novel CN receiver design also provides a new in-
sight into the original quantum reading model, related
to the binary discrimination between the two lossy chan-
nels LrT and LrB . With no loss of generality, let us
assume rB > rT . When the two-mode squeezed vac-
uum state is used at the input, the corresponding out-
puts for the two channels are Ξ(T ) and Ξ(B). Therefore,
the t-POVM and b-POVM can be directly used to per-
form their discrimination, leading to the error probability
ζQR1 /2 for equal prior probabilities, where ζ
QR
1 is given
in Eq. (20) (see orange line in Fig. 5). In the ideal case
of rB = 1, the further improved detection, given by the
application of the CN receiver to both signals and idlers,
leads to the error probability ζQR1∗ /2, where ζ
QR
1∗ is de-
fined in Eq. (24) (see red dotted line in Fig. 5). We
see that the improved performance ζQR1∗ /2 saturates the
quantum Chernoff bound [34, 35], while the general appli-
cable performance ζQR1 /2 is able to beat the best known
Bell-measurement receiver designed in Ref. [12], whenM
is sufficiently large (Fig. 5a) or NS is large (Fig. 5b).
C. Quantum-enhanced frequency scanner in noisy
conditions
The previous result on quantum-enhanced target find-
ing can be mapped into the model of quantum-enhanced
frequency scanner, now in the presence of bright envi-
ronmental noise. Here we assume a target at some fixed
linear distance which only reflects radiation at a narrow
bandwidth δν around some carrier frequency. The target
is assumed to be still (or slowly moving) and it completely
diffracts the other frequencies. This limited reflection
could also be the effect of meta-materials employed in a
cloak. The previous m sectors now become m different
non-overlapping frequency windows with bandwidth δν,
each of them probed by pulses with the same bandwidth.
One choice is to use a single δν-pulse per window con-
taining M ' δν−1 effective frequencies, each with NS
mean number of photons. Alternatively, we may use M
δν-pulses per window which are irradiated as a train of
independent temporal modes, each with NS mean pho-
tons. In our basic model, reflection occurs in only one
of these frequency windows, while background thermal
noise is detected for all the other windows. The previous
results (see Fig. 4) automatically imply that the use of
an entangled source outperforms any classical strategies
in the regime of few photon numbers per mode.
D. About target ranging
In quantum target finding, if we consider time bins in-
stead of spatial bins, we can map the problem of direction
finding into that of ranging. However, at fixed direction
but unknown distance, there is a crucial problem which
makes the entangled strategy problematic. We must in
fact ensure that the returning signal (if any) is combined
with the corresponding idler. Since we do not know, a
priori, the round-trip time from the target, we cannot
synchronize signal and idler in a joint detection. A po-
tential way around this issue is to generate a train of
m signal-idler pulses with well-separated carrier frequen-
cies (e.g., with a bandwidth larger than the maximum
Doppler shift from the target). Signal-idler pulses with
different carrier frequencies are then jointly detected at
the different m time bins. In principle this procedure
can make the quantum measurement work but it opens
another issue. The best classical strategy does not need
to employ this time slicing approach. In fact, one could
just send a single coherent pulse and wait for its poten-
tial return. From an energetic point of view, the classical
10
Figure 5. Error probability versus number of modes
M for binary quantum reading. Background and target
reflectivities are respectively rB = 1 and rT = 0.4. Compar-
isons are done for a number of photons per mode NS = 0.1
in panel (a) and NS = 10 in panel (b). We plot the perfor-
mance of the original Bell receiver [12] (solid black line), the
asymptotically tight quantum Chernoff bound (QCB, solid
blue line), the generalized conditional nulling receiver with
performance ζQR1 /2 (CN, solid orange line), and the general-
ized conditional nulling receiver with improved performance
ζQR1∗ /2 (CN*, red dashed line).
source would only irradiate MNS photons (assuming M
modes per pulse) while the quantum case needs to irradi-
ate mMNS photons on the target. Taking into account
of this difference, we cannot directly apply our previous
findings and derive a conclusive result for target ranging.
E. Optimality of pure states
Here we state two lemmas to summarize the results
(See Sec. VIII B for their proofs).
Lemma 2 Consider the discrimination of N channels
{En} with prior probabilities {pn}. Inputting pure states
minimizes the mean error probability.
Note that if there is a constraint on the Hilbert space
(e.g., an energy constraint for an infinite-dimensional
space), then the previous lemma might not hold. How-
ever, this result may still hold in the presence of convexity
properties, as in the proof of the following lemma.
Lemma 3 Consider position-based quantum reading,
with a constraint of MNS mean photon numbers per cell.
Any statistical mixture of GUS coherent states can be re-
duced to ⊗mk=1 |α〉Sk with amplitude α =
√
MNS. The
minimum error probability is
PCRH (rB , rT ,M,NS) = PH(m, ζ
CR), (38)
where ζCR = | 〈√rBα|√rTα〉 |2 = e−MNS(
√
rB−√rT )2 and
the function PH is given in Eq. (3) of the main text.
F. Generalized CN Receiver (proof of theorem 1)
Let us describe the measurement process starting from
n = 1, i.e., by checking the hypothesis h1 that the target
state σ(T ) is in subsystem S1. If h1 is true, then the
receiver will not make any error, due to tr(Π(T )t σ(T )) = 1
on the first subsystem S1 and tr(Π
(B)
t σ
(B)) = 1 on all
the other subsystems {Sk}mk=2. There is an error only if
the true hypothesis is one of {hk}mk=2. In this case, S1
would be in the background state σ(B) and the t-POVM
{Π(T )t ,Π(B)t } would return the incorrect outcome ‘T’ with
probability ζ1 and correct outcome ‘B’ with probability
1− ζ1.
Suppose that we get ‘T’ (with type-I false-positive
probability ζ1) while the correct hypothesis is hk˜ for some
k˜ > 1. In measuring the remaining subsystems {Sk}mk=2
in the b-POVM {Π(T )b ,Π(B)b }, the outcomes will be cer-
tainly equal to ‘B’ for all systems with k 6= k˜ since they
will all be in a background state σ(B). However, the
application of b-POVM over the target state σ(T ) of sub-
system Sk˜ could give the wrong outcome ‘B’ with type-II
(false-negative) probability ζ2. If this happens the re-
ceiver would select the false hypothesis h1. In this case,
the overall (conditional) probability of error is given by
the product of the two incorrect outcomes ζ1ζ2 times the
probability that h1 is false, i.e., (m− 1)m−1. Therefore,
we get PT6h1 = (m− 1)m−1ζ1ζ2.
Suppose that, from the first measurement, we instead
get the correct outcome ‘B’ (with probability 1 − ζ1).
Then, the receiver would correctly discard the false hy-
pothesis h1 and would check the next one h2. Denote
by Pm−1 the total error probability of the receiver in
distinguishing the remaining m − 1 hypotheses. Then,
the overall (conditional) probability of error is given by
the product of Pm−1, and the joint probability of out-
come ‘B’ for h1 being false. Therefore, we have PB6h1 =
(m − 1)m−1(1 − ζ1)Pm−1. If m = 2, then in this case
there is only one hypothesis left, and we have the initial
condition P1 = 0.
Overall, the error probability of the receiver Pm ≡
PCNm (ζ1, ζ2) will be equal to the sum of PT6h1 and P
B
6h1 ,
so that we have the recursive formula
Pm =
m− 1
m
[(1− ζ1)Pm−1 + ζ1ζ2] . (39)
The initial conditions of the recursion is that P1 = 0 and
P2 = ζ1ζ2/2. To solve the recursion, let us set Pm =
−gm/m so that we have (1−ζ1)gm−1−gm = (m−1)ζ1ζ2
with initial conditions g1 = 0 and g2 = −ζ1ζ2. We find
the solution
gm = −ζ1ζ2
m−2∑
n=1
(m− n)(1− ζ1)n−1 =
− ζ1ζ2(mζ1 + (1− ζ1)m − 1)/ζ21 , (40)
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which leads to
Pm =
1
m
ζ2
ζ1
[mζ1 + (1− ζ1)m − 1] , (41)
completing the proof. Note that, when the receiver out-
comes are all ‘B’, this automatically means that the true
hypothesis is the last one hm, which is compatible with
the initial condition P1 = 0.
G. General bounds
Here we present various general bounds that apply to
m-ary state discrimination (in the setting of symmetric
hypothesis testing) [30, 36–38]. These bounds apply to
the mean error probability and can be computed from
the quantum fidelity (which has a closed formula for ar-
bitrary multimode Gaussian states [1]). In particular, for
any ensemble of m mixed states {pk, ρk}mk=1, where pk’s
are the prior probabilities and ρk’s are the states, we may
write the following upper bound [30] on the minimum er-
ror probability or Helstrom limit PH
PH ≤ PH,UB ≡ 2
∑
k′>k
√
pk′pkF (ρk′ , ρk), (42)
where F is the Bures’ fidelity
F (ρ, σ) := ‖√ρ√σ‖1 = tr
√√
ρσ
√
ρ. (43)
The result of Eq. (42) is a bound on the performance of
a ‘pretty good’ measurement [27–29] and is tight up to
constant factors in the exponent. A fidelity-based lower
bound is instead given by [40],
PH ≥ PH,LB ≡
∑
k′>k
pk′pkF
2(ρk′ , ρk). (44)
Assume equi-probable hypotheses, so that pk = m−1
for any k, and the symmetry F (ρk, ρk′) = F,∀k 6= k′.
We then have the simplified bounds
PH,UB ≡ (m− 1)F, (45)
PH,LB ≡ m− 1
2m
F 2. (46)
These bounds appear in our main text with the following
expressions for the fidelity
F (ρn, ρn′ 6=n) = F 2
(
Ξ(T ),Ξ(B)
)
, (47)
for the entangled case and
F (ρn, ρn′ 6=n) = F 2
(
σ(T ), σ(B)
)
(48)
for the classical case.
H. Classical benchmarks
Let us now introduce a general bound to the ultimate
performances achievable by classical states in CPF, with
direct application to the problems of position-based read-
ing and target finding. Recall that the general problem
of CPF consists of discriminating an ensemble of GUS
bosonic channels {En} with equal priors. These are ex-
pressed by
En =
(⊗k 6=n Φ(B)Sk )⊗ Φ(T )Sn , (49)
where Φ(B/T )Sk is the background/target channel acting
on subsystem Sk (e.g., a cell or a sector). Each of these
channels is generally meant to be a multi-mode channel.
In the bosonic setting, single-mode phase insensi-
tive Gaussian channels model various physical processes.
This channel Gµ,E can be parameterized by a transmis-
sivity/gain parameter µ > 0 and a noise parameter E >
0 [11, 31]. In particular, E accounts for the thermal pho-
tons at the output of the channel, when the input state
is a vacuum or coherent state. Besides the single-mode
phase-insensitive (covariant) bosonic Gaussian channels
discussed above, we can also include the contravariant
conjugate thermal-amplifier channel, whose action on an
input annihilation operator is described by
aˆ→ √µaˆ† +
√
µ+ 1eˆ, (50)
where µ > 0 and eˆ is in a thermal state with mean photon
number (E − µ)/(µ+ 1). All these channels Gµ,E map a
coherent state |α〉 to a displaced thermal state with am-
plitude √µα (√µα? for the conjugate thermal-amplifier
channel) and covariance matrix (2E + 1)I.
Therefore, let us consider the problem of CPF where
target and background channels are tensor products of a
phase-insensitive bosonic Gaussian channel Gµ,E . Denote
the transmissivity/gain and noise of the target channel
as µT and ET , while those of the background channel
as µB and EB . For the entangled case, we assume that
each subsystem is exactly probed by M signal modes,
each irradiating NS mean photons, for a total of mMNS
mean photons. For the classical case, we can relax this
structure and include the more general case of different
energies irradiated by the M modes over each subsystem
Sk. More generally, for the classical case with no passive
signature (EB = ET ), we can also allow for arbitrary
number of modes Mk per subsystem Sk so that Φ
(l)
Sk
=
G⊗Mkµl,El . In other words, for classical CPF with no passive
signature, the only surviving constraint is the mMNS
mean photons globally irradiated. More precisely, we can
state the following result (See Sec. VIII B for proof).
Lemma 4 Consider the problem of CPF where target
and background channels are tensor products of a single-
mode phase-insensitive bosonic Gaussian channel with
parameters µT , ET (for target) and µB , EB (for back-
ground). Assume a global energetic constraint of mMNS
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mean photons with M modes irradiated over each of the
m subsystems Sk. The optimal classical state (with posi-
tive P-representation) minimizing the lower bound PH,LB
of Eq. (44) is any tensor product of coherent states
|α〉 = ⊗mk=1
(⊗Mk′=1 |eiθ(k′)k √N (k′)Sk 〉 )Sk , (51)
where the phases θ(k
′)
k are arbitrary and
∑M
k′=1N
(k′)
Sk
=
MNS for any k, so that each subsystem is irradiated by
the same mean number of photons. The corresponding
minimum lower bound is given by
PH,LB ≡ m− 1
2m
c2MEB ,ET×
exp
[
−2MNS(
√
µB −√µT )2
1 + EB + ET
]
, (52)
with cEB ,ET = [1+
(√
EB(1 + ET )−
√
ET (1 + EB)
)2
]−1.
In particular, for no passive signature (ET = EB ≡ E),
we have the simplification
PH,LB ≡ m− 1
2m
exp
[
−2MNS(
√
µB −√µT )2
1 + 2E
]
, (53)
and bound holds under the general energetic constraint of
mMNS mean photons, with no restriction on the num-
ber of modes irradiated per subsystem. In this case, an
optimal state is the tensor-product ⊗mk=1 |
√
MNS〉Sk .
I. Position-based quantum reading with thermal
noise
Let us now generalize the study of position-based quan-
tum reading to the case where thermal noise is present
in the environment. This means that the environmental
input of each cell Sk is not the vacuum but a thermal
state with NB mean photons. Each cell has reflectivity
rB or rT in such a way that the block of m cells has
GUS. The block is probed by bosonic modes for a to-
tal of mMNS mean photons irradiated. In the classical
case, we compute a lower bound to the performance of
all possible classical states (globally irradiating mMNS
mean photons over the m block of cells), while for the
quantum case, we consider a tensor-product of two-mode
squeezed vacuum states, so that M signal modes probe
each cell, with each mode irradiating NS mean photons.
As before, this problem is mapped into the discrimina-
tion of an ensemble of GUS bosonic channels {En} with
equal priors, which are expressed by
En =
(⊗k 6=n Φ(B)Sk )⊗ Φ(T )Sn , (54)
with Φ(B/T )Sk acting on cell Sk. For M -mode probing of
the cell, we have the target channel Φ(T ) =
(LNBrT )⊗M
and the background channel Φ(B) =
(LNBrB )⊗M , whereLNBr is a single-mode thermal-loss channel with reflectiv-
ity r and thermal noise NB .
In general, the protocol of position-based quantum
reading can be formulated with two generic thermal-loss
channels as discussed above. In such a case, the classical
benchmark can be easily derived from Eq. (52). Then, we
may introduce a finer classification of the protocol in two
types: one with active and the other with passive signa-
ture. In the first type of protocol, the parameters of the
channels are such that the noise variance at the output of
the two channels is different assuming the vacuum state
at the input. In other words, their statistical discrimina-
tion is possible without sending a probing signal. In the
second type, the parameters are such that there are no
different levels of noise at the output. Here we analyze
this second type, so that the channels have reflectivity
rl and mean number of thermal photons NB/(1− rl) for
l = B, T . The corresponding classical benchmark can be
computed from Eq. (53) and takes the form
PCR,NH,LB(rB , rT ,M,NS) =
m− 1
2m
exp
[−2M(√rB −√rT )2NS
2NB + 1
]
. (55)
Similarly, for the quantum case, we can easily repeat
the calculations to find the corresponding noisy expres-
sion PQR,NH,UB of the upper bound P
QR
H,UB . For NS  1 and
M  1 at fixed MNS , we may generalize Eq. (17) of our
main text into the following form
PQR,NH,UB(rB , rT ,M,NS) '
(m− 1) exp
[
−2MNS(1 +NB −
√
H −√rBrT )
1 +NB
]
,
(56)
where H = (1 +NB − rB)(1 +NB − rT ).
Denote the error exponent in Eq. (55) as CR and the
error exponent in Eq. (56) as QR. We find that the
quantum case is always better than the classical case,
i.e. QR > CR. For rT and rB close to 1, we have
QR/CR ' 1 + 1/2NB . In this regime, we see that the
advantage becomes huge when NB  1, which agrees
with our observation in Eqs. (16) and (17). However,
when NB  1, the advantage decays, in agreement with
the observation related to Eqs. (28) and (35). Note that
this conclusion is based on a quantum lower bound and
a classical upper bound, and we expect them to be not
tight when noise NB is large.
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VIII. SUPPLEMENTARY NOTE
A. Supplementary Note 1: Fidelity calculations for
bosonic Gaussian states
Given two arbitrary multimode Gaussian states, we
can compute their fidelity using the general analyti-
cal formula of Ref. [R1]. When the states are one-
mode or two-mode, this formula reduces to the results
of Refs. [R2,R3]. Here we use these tools for our calcula-
tions.
Given two Gaussian states ρ` (` = 1, 2), we de-
note their means and covariance matrices as u` and
V`. We also define the difference δu = u2 − u1. For
the one mode case, let ∆w = Det[V1 + V2], δw =
(Det[V1]− 1) (Det[V2]− 1), we have the fidelity
F 2 [ρ1, ρ2] =
2 exp
[− 12δuT (V1 +V2)−1δu]√
∆w + δw −√δw . (57)
For the two-mode case, define J = iZ2
⊕
iZ2, where
Z2 is the two-by-two Pauli matrix. Then set ∆ =
Det[(V1 + V2)/2], Γ = 24Det[JV1JV2/4 − I4/4] and
Λ = 24Det[V1/2 + iJ/2]Det[V2/2 + iJ/2]. The fidelity is
F 2 [ρ1, ρ2] =
exp
[− 12δuT (V1 +V2)−1δu]√
Γ +
√
Λ−
√
(
√
Γ +
√
Λ)2 −∆
. (58)
The two-mode squeezed vacuum state φME has covari-
ance matrix
VME =
(
(2NS + 1)I2 2CpZ2
2CpZ2 (2NS + 1)I2
)
, (59)
where Cp =
√
NS (NS + 1) and Z2 is the Pauli Z matrix.
For for position-based quantum reading, after pure-
loss affects the signal mode, we have the joint return-idler
state (Lr⊗I)φME, with zero mean and covariance matrix
VQR(r) =
(
(2rNS + 1)I2 2
√
rCpZ2
2
√
rCpZ2 (2NS + 1)I2
)
. (60)
The two states for quantum reading are zero mean and
covariance matrix V1 = VQR(rT ) and V2 = VQR(rB).
The fidelity can be evaluated using Eq. (58). Consider
also the noisy version of the protocol where the cells are
subject to environmental thermal noise, with NB > 0
mean photons per mode. Then, the covariance matrix in
Eq. (60) changes to
VQR(r) =
(
(2rNS + 2NB + 1)I2 2
√
rCpZ2
2
√
rCpZ2 (2NS + 1)I2
)
.
(61)
For quantum target finding, after the target channel,
we have (LNB/(1−η)η ⊗I)φME with zero mean and covari-
ance matrix
V1 =
(
(2NB + 1)I2 2
√
ηCpZ2
2
√
ηCpZ2 (2NS + 1)I2
)
. (62)
At the output of the background channel, we have a state
(LNB0 ⊗ I)φME with zero mean and covariance matrix
V2 =
(
(2NB + 1)I2 0
0 (2NS + 1)I2
)
. (63)
The fidelity can be evaluated using Eq. (58).
B. Supplementary Note 2: Proofs of lemmas
1. Proof of Lemma 2
Suppose that {Πn} is the positive-operator valued
measure (POVM) for discriminating the channels {En}
(with prior probability {pn}), then the error probability,
given an input state ρ ∈ H is
PE(ρ, {En}, {Πn}) = 1−
∑
n
pn tr [En(ρ)Πn] . (64)
Optimizing over the POVMs, the minimum error proba-
bility for a given input state ρ is
PH(ρ, {En}) = min{Πn}PE(ρ, {En}, {Πn})
= 1−max
{Πn}
∑
n
pn tr [En(ρ)Πn] . (65)
Perform the spectral decomposition ρ =
∑
` λ`ψ`, where
ψ`’s are pure states and λ` are probabilities,
∑
` λ` = 1.
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Then, we derive
PH(ρ, {En}) = 1−max{Πn}
∑
`
λ`
∑
n
pn tr [En(ψ`)Πn]
≥
∑
`
λ`
[
1−max
{Π′n}
∑
n
pn tr [En(ψ`)Π′n]
]
=
∑
`
λ`PH(ψ`, {En})
≥ min
ψ
PH(ψ, {En}), (66)
which completes the proof. Note that, in the second step,
we interchanged the order of maximization and summa-
tion, which leads to an inequality. Also note that the
optimum {Π′n} in the second line can be `-dependent.
2. Proof of Lemma 3
Let us start by considering the GUS tensor-product
|β〉 = ⊗mk=1 |α〉Sk , where each multi-mode coherent state
for subsystem |α〉 = ⊗Mk=1 |αk〉 has arbitrary M modes
and a total of nS = α†α = |α|2 mean photons. Each
subsystem is subject to a pure-loss channel L⊗Mr` with
reflectivity r`, giving the output L⊗Mr` (|α〉) = |
√
r`α〉
(where ` = B, T depends on the cell, i.e., if it is a back-
ground or a target cell). Given the input source |β〉, the
total GUS state at the output of the global channel En is
therefore given by
|ψn〉 =
(⊗k 6=n |√rBα〉Sk )⊗ |√rTα〉Sn . (67)
The pulse-position modulation discrimination of this
GUS ensemble of pure states is affected by a minimum
error probability PH(|β〉 〈β| , {En}), which is given by the
Helstrom limit PH(m, ζCR) in Eq. (3) of the main text,
with the following overlap (or fidelity)
ζnS = | 〈
√
rBα|√rTα〉 |2 = e−(
√
rB−√rT )2nS . (68)
Here it becomes clear that we can simply considerM = 1,
without loss of generality, sinceM does not appear in the
Helstrom limit above. In fact, a general M -mode coher-
ent state in each subsystem in Eq. (67) can be unitarily
mapped into a single mode coherent state with the same
energy, leaving all other M − 1 modes in vacua.
Consider now a GUS classical state that can be written
as the following mixture of coherent states
ρC =
ˆ
dν
[⊗mk=1 |√nSeiθ〉 〈√nSeiθ|] , (69)
where dν represents the Lebesgue integral with an arbi-
trary probability measure ν over nS and θ, i.e.,
ˆ
dνf(nS , θ) =
ˆ
dnSdθ ν(nS , θ)f(nS , θ) (70)
with the probability density function ν(nS , θ). The mean
number of photons per subsystem of the state is given by
n¯S =
ˆ
dν′nS ≤MNS , (71)
where
´
dν has been reduced to
´
dν′ with the marginal
probability measure ν′ restricted to the variable nS .
Now, following the proof of Lemma 2, we write
PH (ρC , {En})
≥
ˆ
dνPH(⊗mk=1 |
√
nSe
iθ〉 〈√nSeiθ| , {En})
=
ˆ
dν′PH(m, ζnS ). (72)
Moreover, because ζnS does not depend on θ, the inte-
gral above has been restricted to a marginal probability
measure ν′ over nS . Note that PH(m, ζnS ) is a non-
decreasing function of ζnS and also convex in ζnS , which
can be shown by calculating the first and second order
derivatives. Then, ζnS is a convex function in nS . For
a function f convex in x and another function g convex
and non-decreasing in f , we have that the composition
g[f(x)] is convex in x. This means that PH(m, ζnS ) is
convex in nS and we can write´
dν′PH(m, ζnS ) ≥ PH(m, ζ´ dν′nS )
≥ PH(m, ζMNS ) = PH(m, ζCR), (73)
where, in the last inequality, we used the constraint in
Eq. (71) and the fact that ζnS is decreasing in nS . From
Eq. (73) it is clear that the minimum error probability is
achieved by the state ⊗mk=1 |
√
nS〉Sk in the original lower
bound.
3. Proof of Lemma 4
For the convenience of analysis, we will parameterize a
coherent state |α〉 with the phase and amplitude squared,
i.e., |x, θ〉 ≡ |√xeiθ〉, where x ≥ 0 and 0 ≤ θ ≤ 2pi. In
this notation, a multi-mode coherent state over the entire
system takes the form |x,θ〉 = ⊗mk=1
( |xk,θk〉Sk ), where
each subsystem state |xk,θk〉Sk = ⊗Mk′=1 |x
(k′)
k , θ
(k′)
k 〉 is
again a tensor product of multiple modes with generally-
different amplitudes. Here xk are positive and real vec-
tors xk = (x
(1)
k , · · · , x(M)k ) ≡ {x(k
′)
k }Mk′=1 and x is a sim-
ple concatenation of them, i.e., x = (x1, · · · ,xm).
In this notation, the general classical state as the input
can be written as a Lebesgue integral
ρ =
ˆ
dP |x,θ〉 〈x,θ| , (74)
where the probability measure P over x,θ can be arbi-
trary. Let us define
‖x‖1 ≡
∑
k,k′
|x(k′)k | =
∑
k,k′
x
(k′)
k , (75)
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which is the standard one-norm and equals the total
mean photon number of the state |x,θ〉. Then, the total
energy constraint leads to the inequality
ˆ
dP ′‖x‖1 ≤ mMNS , (76)
where the integral has been simplified to a marginal prob-
ability measure P ′ restricted to the non-negative vari-
ables x.
The total conditional state at the output of the channel
En is also a mixture, with expression
ρCn = En(ρ) =
ˆ
dPρCx,θ,n, (77)
where each conditional state is given by
ρCx,θ,n =
(⊗k 6=n (ρCB)Sk)⊗ (ρCT )Sn . (78)
The target state (ρCT )Sn is a product ofM displaced ther-
mal states, each with amplitude
√
µTx
(k′)
n eiθ
(k′)
n and co-
variance matrix (2ET +1)I; the background state (ρCB)Sk
is a product of other M displaced thermal states, each
with amplitude
√
µBx
(k′)
k e
iθ
(k′)
k and covariance matrix
(2EB + 1)I.
From Eq. (44), we can write the following lower bound
to the mean error probability.
PCH,LB =
∑
n′>n
1
m2
F 2
[ˆ
dPρCx,θ,n,
ˆ
dPρCx,θ,n′
]
≥ K
m2
∑
n′>n
1
K
{ˆ
dPF [ρCx,θ,n, ρ
C
x,θ,n′ ]
}2
≥ K
m2
{ ∑
n′>n
1
K
ˆ
dPF [ρCx,θ,n, ρ
C
x,θ,n′ ]
}2
, (79)
where use the joint concavity of the fidelity
F
[ˆ
dpxρx,
ˆ
dpxσx
]
≥
ˆ
dpxF [ρx, σx], (80)
and Jensen’s inequality for the square function with K =
(m− 1)m/2.
Let us now address each fidelity term
FC ≡ F [ρCx,θ,n, ρCx,θ,n′ 6=n]
= F
[
(ρCT )Sn , (ρ
C
B)Sn
]
F
[
(ρCB)Sn′ , (ρ
C
T )Sn′
]
. (81)
Using Eq. (57), we can compute
FC = cMEB ,ET exp [−B(‖xn‖1 + ‖xn′‖1)] , (82)
where the constant B ≡ (√µB −√µT )2/(1 +EB +ET ).
From the one-norm in the expression above, it becomes
clear that the performance is exactly the same regardless
how the energy is distributed among the M modes im-
pinging on a subsystem, as long as the mean total energy
irradiated over the subsystem is fixed. By replacing the
FC in Eq. (79), and noticing that FC does not depend
on θ we find the following lower bound
PCH,LB ≥
c2MEB ,ETK
m2
{ˆ
dP ′g({‖xn‖1}mn=1)
}2
, (83)
where we define the function
g({‖xn‖1}mn=1) ≡
1
K
∑
n′>n
exp [−B(‖xn‖1 + ‖xn′‖1)] .
(84)
We notice that e−cx with c ≥ 0 is strictly convex in the
variable x. Thus, from convexity, we have
g({‖xn‖1}mn=1)
≥ exp
[
− 1
K
∑
n′>n
B(‖xn‖1 + ‖xn′‖1)
]
= exp
[
− (m− 1)
K
m∑
n=1
B‖xn‖1
]
= exp [−2B‖x‖1/m] , (85)
where we have used K = m(m − 1)/2 and ‖x‖1 =∑m
n=1 ‖xn‖1 (from its definition). The equality holds if
and only if ‖xn‖1 = ‖x‖1/m for all n.
Thus overall we may write
PCH,LB ≥
c2MEB ,ETK
m2
{ˆ
dP ′ exp [−2B‖x‖1/m]
}2
≥ c
2M
EB ,ET
K
m2
{
exp
[ˆ
dP ′(−2B‖x‖1/m)
]}2
≥ m− 1
2m
c2MEB ,ET exp [−2BMNS ] . (86)
For the second inequality, we use the convexity of e−cx
(with c > 0) and Jensen’s inequality to move expecta-
tion value to the exponent. The last inequality exploits
the monotonic decreasing property of e−cx (with c > 0)
and the constraint in Eq. (76). This leads to the re-
sult in Eq. (52) in the main paper. Due to Jensen’s
inequality and convexity, it is easy to check that the
lower bound is reached by (and only by) an input co-
herent source |x,θ〉 = ⊗mk=1
( |xk,θk〉Sk ), such that on
each subsystem the total mean photon number is equal,
i.e., ‖xk‖ = MNS .
In the passive case of EB = ET ≡ E, we have cEB ,ET =
1, so that Eq. (82) is replaced by
FC = exp [−B(‖xn‖1 + ‖xn′‖1)] . (87)
We see that only the mean photon numbers of subsystems
Sn and Sn′ appear in this expression, while the number
of modes M is no longer present. Following the same
analysis from above we arrive at Eq. (53) in the main
paper where the number of modes M per subsystem can
now be variable, as long as the total energetic constraint
mMNS is fixed. In this case, the optimal state is a ten-
sor product of coherent states with arbitrary number of
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modes per subsystem and arbitrary phases, and such to irradiate MNS mean photon number per subsystem. In
particular, we may choose ⊗mk=1 |
√
MNS〉Sk .
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